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Exercises

1. Let ui, i = 1, . . . , 5 be a set of variables of a dynamical system satisfying the following evolution
equations

dui

dt
= ui+1ui+2 + ui−1ui−2 − 2ui+1ui−1 (1)

where ui+5 = ui.

(a) Show that E =
∑

i u
2
i = const.

(b) Construct a Gibbs ensemble and compute < |ui|2 > for all i.

(c) (Optional) Write down a code to integrate the equations and confirm (b) numerically.

2. Solve one of the following two:

(a) Show that a large number of coin flips leads to Gaussian outcomes.

(b) Provide some proof of the Central Limit Theorem.

3. Show the relation between the discrete and continuous Fourier transforms. Why do they have
different dimensions ?

4. Linearize the ideal MHD equations around a static equilibrium (i.e. ~u0 = 0) with a uniform

magnetic field ~B0 = B0ẑ and obtain the dispersion relation ω = ±~k · ~B0 and the polarization
condition δ~u = ±δ ~B ⊥ ẑ for Alfven waves.

5. Show that ∀α, β the two-point correlation function Rα,β =< vα(~x)vβ(~x + ~r) > for homogeneous
turbulence satisfies

|Rα,β(~r)|2 ≤ Rα,α(~0)Rβ,β(~0) (2)

6. Show that for isotropic turbulence the correlation length

λc =

∫∞
0

dr Rα,α(~0,~0, ~r)

Rα,α(~0)
(3)

satisfies λc = 2Lp, where

Lp =

∫∞
0

ds l̂ ·R(~0) · l̂
Rl,l(~0)

(4)

7. An exercise in the theory of isotropic tensors applied to axisymmetric turbulence, invariant under
proper rotations about an axis b̂: Consider the construction of the antisymmetric part of Rij(r) =
〈Bi(x)Bj(x+r)〉 This tensor RA must be homogeneous, RA

ij(r) = RA
ji(−r), odd in r, antisymmetric

in index RA
ij = −RA

ji and solenoidal, ∂/∂ri[R
A
ij(r)] = 0. ,

(a) Prior to enforcing solenoidal condition, enumerate all possible antisymmetric tensor forms T
(n)
ij

that are candidates to appear in the tensor RA
ij(r) = C1(r)T

(1)
ij + C2(r)T

(2)
ij + . . . . You may

form these from δij , εijl, bi, and ri. Then

(b) show that upon enforcing solenoidal condition, all of these reduce to the form

εijl∇lΦ(r)

where Φ is an even function ot r. It may be useful to use the identities

riεjlmblrm − rjεilmblrm = r2εijkbk − zεijkrk

where z = b̂ · r and
biεjlmblrm − bjεilmblrm = zεijkbk − εijkrk

.
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(c) If you use the above identities, prove them.

8. Show that for isotropic turbulence, the reduced one-dimensional spectrum satisfies

S1−D
yy (kx) =

1

2
(S1−D

xx (kx)− kx
d

dkx
S1−D
xx (kx)) (5)

and also

E(k) = −k
d

dk
S1−D
αα (kx) (6)
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